Usual and phantom scalar fields in five dimensions: 
compactification and flat thick brane solutions 
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. - - In the model of a gravitating system with two scalar fields (one of which is phantom), two new 

oo : types of regular solutions are found: mechanism for compactification of an extra dimension and a 

' fiat thick brane solution. It is shown that the first model has solutions oscillating over the extra 

' coordinate and giving a finite radius of compactification of the fifth dimension and the second model 

is a fiat thick brane embedded in the 5D Minkowski spacetime. Geometry of both models corresponds 
to a five-dimensional Minkowski space-time. Consideration of linear perturbations shows stability 
of the obtained solutions. 
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I. INTRODUCTION 



\ At the present time, there are two ways at consideration of extra dimensions in the multidimensional theories: the 
J>. ■ first one assumes that the extra dimensions are small and compactified by using some mechanism (compactification 
' mechanism); the second one assumes that the extra dimensions have large or even infinite size, but we five on a 
C ■ . thin four-dimensional sheet (brane) embedded into a higher-dimensional space called the bulk. Existence of the extra 
OO ' dimensions leads to the problem of their non-observability. This problem is being solved by using some compactification 
. mechanisms in the first case, and by introducing various kinds of braneworld models in the second one. At the present 
time, apparently, there is no any unified mechanism working in both cases. In this paper we suggest such a unified 
] model providing both the compactification mechanism and existence of a brane-like solution. 

The problem of compactification of extra dimensions is one of the most important problems in Kaluza-Klein theories. 
It is assumed that we live in a space with d > 4 dimensions, but that (d— 4) of these dimensions have been compactified. 
The radius of curvature of space in the corresponding directions is of order M^j^ . That is why we cannot move in 
those directions, and space is apparently four-dimensional. 

For solution of this problem, a few mechanisms of the spontaneous compactification were suggested. The main 
■ idea of all these mechanisms consists in a search of special (vacuum) solutions of the multidimensional Einstein 
equations corresponding to representation of d— dimensional manifold in the form M'^ = M"* x B'^~'^, where 
is four-dimensional space-time (it is desirable that this would be a Minkowski space-time) and B"^^^ is a compact 
"internal" space. 

There are the following mechanisms of the spontaneous compactification [l| : 

1. Freund- Rubin compactification [2| with special ansatz for antisymmetric tensors, and also the Englert 
compactification 



2. compactification by setting a gauge field in an internal space equal to the spin connection, suitable embedded 
in a gauge group Q; 



* Senior Associate of the Abdus Salam ICTP 



t Electronic address: vdzhunus@krsu. edu. kg| 
Electronic address: vfolomeev@mai l.rul 
§ Electronic address: |cnlpmyral954@yahoo.com, cnlpmyra@mail.ru| 



2 



3. monopole or instanton mechanism 

4. compactification by using scalar chiral fields [H]; 

5. compactification by using radiative corrections 01 . 

Here we suggest a new (in our opinion) and simple compactification mechanism of the fifth dimension based on 
using of usual and phantom scalar fields. Thereupon, energy-momentum tensors of the fields have different signs. For 
example, energy densities of the usual and phantom fields will be positive and negative, respectively. It allows us to 
consider the models when the energy-momentum tensors of both fields compensate each other exactly. Then the five- 
dimensional Einstein equations have solutions which can be represented as product of a four-dimensional Minkowski 
space and compactified fifth dimension. For this purpose, potential energy of the scalar fields (usual and phantom) 
is being chosen in such a way to obtain a solution oscillating over the fifth dimension. That is why one can consider 
the fifth coordinate as being twisted into a circle. Choosing a mass of scalar fields, one can get any desirable radius 
of compactification, including the Planck value. 

In the case of braneworld models, there are two kinds of models: thin and thick branes. The thin brane is an infinitely 
thin sheet embedded into an external multidimensional space and having delta-Hke locaHzation of matter [§]. However, 
from the physical point of view, it is most reasonable to consider models of a thick brane having finite thickness 

in extra dimensions. Both models give asymptotically anti-de Sitter (or de Sitter) solutions far from the brane. In 
this paper we consider another type of thick brane solutions when the warp factor is a constant over the bulk. This 
case corresponds to a Minkowski space-time. One can call such type of solutions as flat thick brane solutions. One can 
consider these solutions as follows: in the simplest case the five-dimensional action for a brane can be presented in 
the following form 

d^x dz - 

Here z is the fifth coordinate, A is a five-dimensional cosmological constant, a can be regarded as the brane tension 
(the energy density per unit three-dimensional volume). According to the Randall-Sundrum's second model @, there 
is a fine tuning condition between the brane and bulk parameters A and cr: 

For such a model, there are two kinds of asymptotic solutions: if cr > 0, then one has the anti-de Sitter solution with 
the warp factor a(z) = cxp(— fc|2;|), where k — (47r/3)G(5)cr. If cr < 0, then one has the de Sitter solution. In this 
paper we will consider a case when the brane tension cr = 0. This is being achieved by using the usual and phantom 
scalar fields with positive and negative energy densities compensating each other. That is why this type of solutions 
can be regarded as fiat thick brane solutions. 



II. GENERAL EQUATIONS 



We start with the Lagrangian 



£2 



(1) 



where R is the five-dimensional scalar curvature, Lp,x a-^e two noninteracting scalar fields with the potentials Vi{(p) 
and V2(x); respectively. The constants ei 2 = ±1 correspond to either usual (e = +1) or phantom scalar field (e = — 1). 
Taking the five-dimensional metric in the form 



ds^ = a'^{z) (^rj^i^dx^dx'^ — dz"^^ 



(2) 



where Greek indices /i, v... refer to four dimensions, 77^^ — {1, —1, —1, —1}, and the function a{z) depends only on the 
fifth coordinate z. The energy-momentum tensor can be obtained from |T| 



where Latin indices A, B, C... refer to five dimensions. 



£2 



-dcxd''x-V2{x) 



(3) 
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By varying ([T]) with use of the metric ([2]) , one can obtain the Einstein equations 

= -3^ = T^, (4) 
G: = -6^ - (5) 



a' 



where the first equation corresponds to the four four-dimensional Einstein equations, and the second one is the fifth 
component of the Einstein equations. The equations for scalar fields will be 



^" + 3W ^a^^^, (6) 
X +SHx = a , (7) 

where H = a' /a. 

Let us consider the simplest case when ei = +1, £2 = ^1 and (f ~ X, Vii'P) = ^2(x)- Then one can see from ^ 
that = = 0. In this case, it follows from that 

a = const. (8) 

The coordinates x'^ can be chosen in such a way that a—\. 



A. Compactiflcation of the fifth dimension 

Choosing the potential energy of scalar field in the simplest form 

where m is a mass of the scalar field, it follows from ^ that 

Lp ~ X ~ ^vi cos mz, (9) 

where (^0 is an integration constant. Eq. ^ means that the functions (^(z) and x('Z) are periodical with the period 
A = 27r/m. So one can say that the fifth dimension is a circle with some compactification radius R = n/m, where 
n = 1, 2, 3... The coordinate z runs from to 27ri?, and the points z = and z = 2nR are identified. 



B. Flat thick brane solution 



Choosing the potential energy of scalar field in the form 



where m is a mass of the scalar field and A is a self-coupling constant, one can obtain from ^ the following kink-like 
solution 



if — X — —/= tann 
V A 



m 



(10) 



where zq is an integration constant. In order to have a brane-like solution at 2: = 0, we have to choose zq = 0. 
I.e., we have obtained the five-dimensional kink-Hke solution with the fiat Minkowski space-time. This solution can be 
interpreted as a fiat brane solution. And this is the distinction between usual thick brane solutions with asymptotically 
anti-de Sitter (or de Sitter) space and the solution obtained here. 
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III. STABILITY ANALYSIS 

Let us use the method suggested in for stability analysis of the obtained solution. For this purpose, we rewrite 
the metric ^ in the perturbed form 

ds^ = a'^iz) { [1 + 2ij{x'', z)] Tj^^dxf'dx" - [1 + 2(/)(x^, z)] dz^] , (11) 

where il:(x^ , z) , 4>(x^ , z) are perturbations of the metric. Similarly, let us search for perturbed solutions for the scalar 
fields as 

ip = tpb{z) + 5lp{x'',z), X = Xh{z) + (5x(x^, z), 
where (/^^(z), X6(z) are the background solutions |[9| and (fTO| . Then equations for the perturbations will be 

(z, z) : Syy^V-pA + l^Hi'' - 12n^4> = ip'^dO' - a'^^^^SO, (12) 

(z, /i) : -S^P'.^ + 3H0;^ = ^'^60,^, (13) 
(/^, i^) : (SV'" - 6HV - + W - 6n^(P + if^<t>;px + 2?/''^V;paV') 5'^ (14) 

matter : 59" + mSO' + ^6*. .a = a^ ^^^M ^g .^gx 

where the notation SO ^ Sip — Sx is introduced, and the semicolon denotes the covariant derivative with respect to 
rjfj,^. From the off-diagonal part of lfT4)) . we have that 

</) + 2i/> = 0. (16) 

Taking into account (flGl) . one can obtain from (fT3|) 

By subtracting lfT2|) from (fT4|) and taking into account that 

n' = n^ 

(it follows from Q-®), we will have the following master equation of the system 

r + v'^px + (^^n - 2^^ ^' + A(n'- = o. (is) 

In order to examine the stability of the system, let us transform this equation into the Shrodinger-like equation. 
For this purpose, let us introduce the new function F{z, a;^) 

ijiz,xn = M^)F{z,xn- (19) 

Then we will have the following equation for the scalar perturbation 

- F"(z, x'') + K(z) • Fiz, x'^) = rf^F{z, x^);pA, (20) 

where the effective potential takes the form 

V; = -V + V+w4-^+2f4V- (21) 

In our case, taking into account the solutions ^ and the effective potential for the case of compactification 
becomes 

14 = -m^ + 2to^ cot^(TOz), 
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and for the flat thick brane case, using ([8]) and IjlOp . we have 



Ve = m- 



1 + tanh"^ 



V2 



{z - zq) 



Let us expand the Shrodinger equation l(20l) into Fourier integral in a Minkowski space as follows 



Then we will have 



f"{z) + Ve{z)f{z) = fi'f{z), 



where /i^ = — p^, p is the momentum from ((22l) . For stable solutions, it is necessary that > 0. 
Let us search for a solution of the last equation as follows: 



(22) 



(23) 



A. The case of compactification 

It is convenient to rewrite Eq. l(23|) in the form 

-/"- [E-Vocot^{mz)]f ^0, 

where E' = yU^ + to-^, Vb = 2to^, m = n/b, b is the width of the potential well. Energy levels of this equation, satisfying 
the condition / = on the bounds of the potential well at z = and z = b, are 

En = (n^ + 2n - l)m^ n = 1, 2, 3... 

The value Ei = 2nT? corresponds to the ground level, in what follows that = rri^ > 0, i.e., the solution is stable. 
The normalized wave function of the ground level rt = 1 is 




This solution can be being considered as a periodical solution with the same period as in ([9]). 



B. The case of the flat thick brane 



One can rewrite Eq. l(23|) in the form 



f"{x) + 2[E- V{x)] fix) = 0, 



(24) 



where x = m{z — zo)/V2, E = [(/i/m)^ — l] and V{x) = tanh^(a;) is always positive. Then it is obvious that the 
energy levels E will be always positive as well. That is why /.j^ > 0, i.e., the system is stable if a discrete spectrum of 
E does exist. 

To clarify this, let us flnd energy spectrum for the case under consideration. Introducing a new variable ^ = tanhx, 
the last equation gives 



df 



^-2e^ + 2(i.-n/^0 



(25) 



with the solution 



/ = Ci cxp 



-l + Vi-2E 1 /- 2 
4^/3 '2'''^^ 



(26) 



where Fi is the Kummer confluent hypergeometric function. This function is flnite at ^ = ±1 (i.e., at a; = ±oo) if 

-1 + V3-2E 



4^/3 



-n, 



(27) 



6 



where n = 0, 1, 2, ... (then F is a finite polynomial of the power n at ^ = ±1). Using this condition, we will have the 
following energy levels 

E,. = + (2S, 

Taking into account that the depth of the potential well V{x) = tanh^(a;) is equal to 1, one can easily see that there 
exists only one discrete energy level at n = (the ground level), i.e., the system is stable. For other n, one has a 
continuous spectrum. 



IV. CONCLUSIONS 



We have considered a possibility of using the model with two non-interacting scalar fields - usual and phantom 
ones - in appHcation to the five-dimensional problems. There were suggested two models: the new compactification 
mechanism of the extra dimension and the fiat thick brane solution. In both models, the potential energy of scalar 
fields is being chosen identical. In the first model, we have used the simplest quadratic form of the potential energy. It 
allows us to find solutions which can be being considered as solutions with the compactified fifth dimension (a circle 
S^). In the second model, we have used the "Mexican hat" potential energy. The obtained solution corresponds to the 
fiat thick brane solution in the five-dimensional space-time. In both cases, it was shown that the solutions are stable 
against linear perturbations. 

The described mechanism of compactification of one extra dimension can be generalized for a greater number of 
extra dimensions. 
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